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BOHR RADIUS FOR SOME CLASSES OF HARMONIC
MAPPINGS
S. SIVAPRASAD KUMAR AND KAMALJEET GANGANIA
Abstract. We introduce a general class of sense-preserving harmonic map-
pings defined as follows:
S0h+g¯(M) := {f = h+ g¯ :
∞∑
m=2
(γm|am|+ δm|bm|) ≤M, M > 0},
where h(z) = z +
∑
∞
m=2 amz
m, g(z) =
∑
∞
m=2 bmz
m are analytic functions
in D := {z ∈ C : |z| ≤ 1} and
γm, δm ≥ α2 := min{γ2, δ2} > 0,
for all m ≥ 2. We obtain Growth Theorem, Covering Theorem and derive
the Bohr radius for the class S0h+g¯(M). As an application of our results,
we obtain the Bohr radius for many classes of harmonic univalent functions
and some classes of univalent functions.
2010 AMS Subject Classification. 30C45, 30C50, 30C80.
Keywords and Phrases. Bohr radius, Harmonic mappings, Univalent analytic
functions, Growth theorem.
1. Introduction
Let H be the class of complex valued harmonic functions f (which satisfy
the Laplacian equation ∆f = 4fzz¯ = 0) defined on the unit disk D := {z ∈
C : |z| < 1}, then we can write f = h + g¯, where h and g are analytic and
satifies f(0) = g(0). We say that f is sense-preserving in D if the Jacobian
Jf := |h
′|2 − |g′|2 > 0. Let H0 be the class of functions f with fz¯(0) = 0 and
f = h + g¯, where
h(z) = z +
∞∑
m=2
amz
m and g(z) =
∞∑
m=2
bmz
m
are analytic functions in D. Note that H0 contains the class A of normalized
functions f(0) = 0 = fz(0) − 1 for the case g ≡ 0. We denote the class
of harmonic and univalent functions by S0H, which clearly contains the well
known class of normalized univalent functions S. Now we recall the definition
of subordination. We say f is subordinate to φ, written as f ≺ φ, if f(z) =
φ(w(z)), where w is a Schwarz function. Further if φ is univalent, then f ≺ φ
if and only if f(D) ⊆ φ(D) and f(0) = φ(0).
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Recently, Cho and Dziok [8] considered the subclass of S0H, motivated by
Sakaguchi [24] class of starlike functions with respect to the symmetric points
using subordination, given by
S∗∗H (C,D) :=
{
f ∈ H0 :
2DHf(z)
f(z)− f(−z)
≺
1 + Cz
1 +Dz
,−D ≤ C < D ≤ 1
}
,
where DHf(z) := zh′(z) − zg′(z). Further motivated by Silverman [25], they
defined the class S∗∗τ (C,D) := τ
0∩S∗∗H (C,D), where τ
a(a ∈ {0, 1}) is the class
of functions in H0, where am = −|am| and bm = (−1)a|bm|. Dziok [10] also
considered the following classes involving Janowski functions:
S∗H(C,D) :=
{
f ∈ H0 :
2DHf(z)
f(z)
≺
1 + Cz
1 +Dz
,−D ≤ C < D ≤ 1
}
,
and ScH(C,D) := {f ∈ S
0
H : DHf(z) ∈ S
∗
T (C,D)}, and further defined the
classes S∗τ (C,D) := τ
0 ∩ S∗H(C,D) and S
c
τ (C,D) := τ
1 ∩ ScH(C,D). Singh [26]
studied the subclass F(λ) := {f ∈ A : |f ′(z)− 1| < λ, λ ∈ (0, 1]} of close-to-
convex functions. Further Nagpal and Ravichandran [19] considered its har-
monic extension defined as:
F0H(λ) := {f = h+ g¯ : |fz(z)− 1| < λ− |fz¯(z)|, λ ∈ (0, 1]} .
Gao and Zohu [12] studied the subclass of close to convex functions,W (µ, ρ) :=
{f ∈ A : ℜ(h′(z)+µzh′′(z)) > ρ, µ ≥ 0, 0 ≤ ρ < 1}. Rajbala and Prajapat [23]
also studied a subclass of close-to-convex harmonic mappings defined as:
W 0H(µ, ρ) := {f = h+ g¯ ∈ H0 : ℜ(h
′(z) + µzh′′(z)− ρ) > |g′(z) + µzg′′(z)|},
where µ ≥ 0 and 0 ≤ ρ < 1, which is the harmonic extension of W (µ, ρ)
and generalizes the classes studied by Gosh and Vasudevarao [13], and Nagpal
and Ravichandran [20]. In a similar way, Dixit and Porwal [9] considered
the class RH(β) = {f = h + g¯ : ℜ{h′(z) + g′(z)} ≤ β, 2 ≥ β > 1}, where
h(z) = z +
∑∞
m=2 |am|z
m and g(z) =
∑∞
m=1 |bm|z¯
m, where |b1| < 1. Now if we
consider b1 = 0, then we have the class
R0H(β) := {f = h+ g¯ ∈ H0 : ℜ{h
′(z) + g′(z)} ≤ β, β > 1},
consists of the functions with positive coefficients, which reduces to the class
R(β) studied by Uralegaddi for the case g ≡ 0. Altinkaya et al. [4] studied the
class k − S˜T
−
q (α) of functions in A with negative coefficients associated with
the conic domains defined by ℜ(p(z)) > k|p(z) − 1| + α, where 0 ≤ k < ∞,
0 ≤ α < 1, 0 < q < 1, p(z) = z(D˜qf)(z)/f(z) and
(D˜qf)(z) =
{
f(qz)−f(q−1z)
(q−q−1)z
, z 6= 0
f ′(0), z = 0
and [m˜]q =
qm − q−m
q − q−1
.
In literature, sufficient conditions for many classes of harmonic and analytic
mappings are obtained in terms of coefficients. See [4, 8, 9, 10, 19, 23]. In a
similar way, we introduce a new subclass of H0 as follows:
S0h+g¯(M) := {f = h + g¯ :
∞∑
m=2
(γm|am|+ δm|bm|) ≤M, M > 0},
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where
γm, δm ≥ α2 := min{γ2, δ2} > 0, (1.1)
for all m ≥ 2. Thus we observe that the classes S∗∗τ (C,D), S
∗
τ (C,D), S
c
τ (C,D)
and k−S˜T
−
q (α) are all become subclasses of S
0
h+g¯(M) for some suitable choices
of γm, δm and M .
Now let us recall the Bohr phenomenon for the harmonic mappings:
Definition 1.1. Let f(z) = h(z)+g(z) = z+
∑∞
m=2 amz
m+
∑∞
m=2 bmz
m ∈ H0.
Then the Bohr-phenomenon is to find the constant r∗ ∈ (0, 1] such that the
inequality r +
∑∞
m=2(|am| + |bm|)r
m ≤ d(f(0), ∂Ω) holds for all |z| = r ≤
r∗, where d(f(0), ∂Ω) denotes the Euclidean distance between f(0) and the
boundary of Ω := f(D). The largest such r∗ is called the Bohr radius.
The work on Bohr radius originated with the work of H. Bohr [7] on the
inequality
∑∞
m=0 |am|r
m ≤ 1 for an analytic function having the power series∑∞
m=0 amz
m, which holds for r ≤ 1/3, known as Bohr Theorem. In recent
times, finding the Bohr radius for such inequalities with different prospects is
an active area of research. For some recent work on Bohr phenomenon related
to the Ma-Minda [16] classes of starlike functions, bounded harmonic mappings
and families of analytic functions defined by subordination and many more,
see [1, 2, 3, 6, 7, 14, 15, 17, 18] and references therein.
In this article, we find the sharp growth theorem, covering theorem and
finally derive the Bohr radius for the class S0h+g¯(M). As an application of
our results, we obtain the Bohr radius for the classes S∗∗τ (C,D), S
∗
τ (C,D),
Scτ (C,D), k − S˜T
−
q (α) and many more. Further, Bohr radius for the classes
W 0H(µ, ρ) and F
0
H(λ) is also derived.
2. The class S0h+g¯(M) and its applications
From the condition (1.1), we see that
∞∑
m=2
(γm|am|+ δm|bm|) ≤M (2.1)
implies
∞∑
m=2
(|am|+ |bm|) ≤
M
α2
, (2.2)
where γm, δm and α2 are as defined in (1.1) and the equality in (2.2) holds
for the function f(z) = z + (M/α2)z
2. Now using the inequality |a| − |b| ≤
|a± b| ≤ |a|+ |b| and then (2.2), we have for |z| = r
|z| −
∣∣∣∣∣
∞∑
m=2
amz
m +
∞∑
m=2
bmzm
∣∣∣∣∣ ≤ |f(z)| ≤ |z|+
∣∣∣∣∣
∞∑
m=2
amz
m +
∞∑
m=2
bmzm
∣∣∣∣∣ ,
which immediately yields the following growth theorem:
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Theorem 2.1 (Growth Theorem). Let f(z) = z+
∑∞
m=2 amz
m+
∑∞
m=2 bmz
m ∈
S0h+g¯(M). Then
r −
M
α2
r2 ≤ |f(z)| ≤ r +
M
α2
r2 (|z| = r).
The inequalities are sharp for the functions f(z) = z±M
α2
z2 and f(z) = z±M
α2
z¯2
with the suitable choice of α2.
From the above result, we also see that functions in the class S0h+g¯(M) are
bounded. Now taking r tending to 1−, we get the covering theorem:
Corollary 2.2 (Covering Theorem). Let f(z) = z+
∑∞
m=2 amz
m+
∑∞
m=2 bmz
m ∈
S0h+g¯(M). Then {
w ∈ C : |w| ≤ 1−
M
α2
}
⊂ f(D).
Now we are ready to obtain the Bohr-radius for the class S0h+g¯(M).
Theorem 2.3. Let f(z) = z +
∑∞
m=2 amz
m +
∑∞
m=2 bmz
m ∈ S0h+g¯(M). Then
|z|+
∞∑
m=2
(|am|+ |bm|)|z|
m ≤ d(f(0), ∂f(D))
for |z| ≤ r∗, where
r∗ =
−1 +
√
1 + 4
(
M
α2
)(
1− M
α2
)
2
(
M
α2
) .
Bohr radius r∗ is achieved by the function f(z) = z − M
α2
z2.
Proof. From the Growth Theorem 2.1 and Covering Theorem 2.2, we see that
the distance between origin and the boundary of f(D) satisfies
d(f(0), ∂f(D)) ≥ 1−
M
α2
. (2.3)
Let us consider the continuous function defined in (0, 1) as
H(r) := r +
M
α2
r2 −
(
1−
M
α2
)
,
such that H ′(r) > 0 for r ∈ (0, 1) with H(0) < 0 and H(1) > 0. Therefore, by
Intermediate Value Theorem for continuous functions, we let r∗ be the unique
positive root in (0, 1) as mentioned in the Theorem statement, and thus for
r = r∗, we have
r∗ +
M
α2
(r∗)2 = 1−
M
α2
.
Now from (2.2), (2.3) and the above equality, it follows that
|z| +
∞∑
m=2
(|am|+ |bm|)|z|
m ≤ r +
M
α2
r2 ≤ r∗ +
M
α2
(r∗)2 ≤ d(f(0), ∂f(D))
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for |z| = r ≤ r∗. Let us consider the analytic function f : D→ C
f(z) = z −
M
α2
z2,
which by suitably choosing α2 and using (2.1) belongs to S0h+g¯(M). Further
for |z| = r∗, we have
|z| +
∞∑
m=2
(|am|+ |bm|)|z|
m = d(f(0), ∂f(D)).
Hence the result is sharp. 
Remark 2.1. Note that we can easily extend our results by considering the
analytic functions of the following form:
h(z) = z +
∞∑
m=k
amz
m and g(z) =
∞∑
m=k
bmz
m, (k ≥ 2)
and the class
S0h+g¯(k,M) := {f = h+ g¯ :
∞∑
m=k
(γm|am|+ δm|bm|) ≤M, M > 0},
where
γm, δm ≥ αk := min{γk, δk} > 0,
for all m ≥ k. Thus we see that S0h+g¯(2,M) ≡ S
0
h+g¯(M). Precisely, for the
class S0h+g¯(k,M), we have
r −
M
αk
rk ≤ |f(z)| ≤ r +
M
αk
rk, (|z| = r)
and the Bohr radius r∗ is the unique positive root in (0, 1) of the equation
r +
M
αk
(rk)−
(
1−
M
αk
)
= 0.
Now we can also obtain the Bohr radius for the classes (see [11, Theorem 8, 9])
studied by Dziok [11] .
2.1. Applications. Cho and Dziok [8] showed that f ∈ S∗∗τ (C,D) if and only
if
∞∑
m=2
(|αm||am|+ |βm||bm|) ≤ D − C, (2.4)
where
αm = m(1 +D)−
(1 + C)(1− (−1)m)
2
and
βm = m(1 +D) +
(1 + C)(1− (−1)m)
2
.
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Note that for all m ≥ 2, we have αm < βm, which shows that 0 < α2 ≤ αm <
βm. Therefore from (2.4) we obtain that
∞∑
m=2
(|am|+ |bm|) ≤
D − C
α2
and also the condition in (1.1) holds by choosing γm = αm, δm = βm and
M = D − C. Thus using Theorem 2.2 and Theorem 2.3, we have:
Theorem 2.4. Let f(z) = z +
∑∞
m=2 amz
m +
∑∞
m=2 bmz
m ∈ S∗∗τ (C,D). Then
r −
D − C
2(1 +D)
r2 ≤ |f(z)| ≤ r +
D − C
2(1 +D)
r2 (|z| = r)
and
|z|+
∞∑
m=2
(|am|+ |bm|)|z|
m ≤ d(f(0), ∂f(D))
for |z| ≤ r∗, where
r∗ =
−1 +
√
1 + 4
(
D−C
α2
)(
1− D−C
α2
)
2
(
D−C
α2
) ,
where α2 is as defined in (2.4). Bohr radius r
∗ is achieved by the function
f(z) = z − D−C
2(1+D)
z2.
Dziok [10] proved that f ∈ S∗τ (C,D) if and only if
∞∑
m=2
(αm|am|+ βm|bm|) ≤ D − C (2.5)
and f ∈ Scτ (C,D) if and only if
∞∑
m=2
(mαm|am|+mβm|bm|) ≤ D − C, (2.6)
where αm = m(1 +D)− (1 +C) and βm = m(1 +D) + (1 +C). We note that
βm > αm ≥ α2 > 0 for all m ≥ 2. Therefore from (2.5), we obtain that
∞∑
m=2
(|am|+ |bm|) ≤
D − C
α2
.
Now choosing γm = αm, δm = βm and M = D − C, the condition (1.1) holds
and thus using Theorem 2.2 and Theorem 2.3 we get:
Theorem 2.5. Let f(z) = z +
∑
∞
m=2 amz
m +
∑
∞
m=2 bmz
m ∈ S∗τ (C,D). Then
r −
D − C
1 + 2D − C
r2 ≤ |f(z)| ≤ r +
D − C
1 + 2D − C
r2, (|z| = r)
and
|z|+
∞∑
m=2
(|am|+ |bm|)|z|
m ≤ d(f(0), ∂f(D))
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for |z| ≤ r∗, where
r∗ =
−1 +
√
1 + 4
(
D−C
1+2D−C
) (
1− D−C
1+2D−C
)
2
(
D−C
1+2D−C
) .
Bohr radius r∗ is achieved by the function f(z) = z − D−C
1+2D−C
z2.
Again using βm > αm ≥ α2 for all m ≥ 2 in (2.6), we obtain that if
f ∈ Scτ (C,D), then the following inequality holds:
∞∑
m=2
(|am|+ |bm|) ≤
D − C
2α2
.
Now choosing γm = mαm, δm = mβm and M = D − C, the condition (1.1)
holds and thus using Theorem 2.2 and 2.3, we obtain the following result:
Theorem 2.6. Let f(z) = z +
∑
∞
m=2 amz
m +
∑
∞
m=2 bmz
m ∈ Scτ (C,D). Then
r −
D − C
2(1 + 2D − C)
r2 ≤ |f(z)| ≤ r +
D − C
2(1 + 2D − C)
r2, (|z| = r)
and
|z|+
∞∑
m=2
(|am|+ |bm|)|z|
m ≤ d(f(0), ∂f(D))
for |z| ≤ r∗, where α2 is defined in (2.6) and
r∗ =
−1 +
√
1 + 2
(
D−C
α2
)(
1− D−C
α2
)
(
D−C
α2
) .
Bohr radius r∗ is achieved by the function f(z) = z − D−C
2(1+2D−C)
z2.
Now we obtain the result for the class F0H(λ). Using the condition
∞∑
m=2
m(|am|+ |bm|) ≤ λ, (2.7)
convolution properties, radius of starlikeness and certain inclusion relationships
were studied in [19] for the class F0H(λ). Now with the same condition, we
arrive at the following result using Theorem 2.2 and 2.3:
Theorem 2.7. If f(z) = z +
∑∞
m=2 amz
m +
∑∞
m=2 bmz
m ∈ F0H(λ) and also
satisfy the condition
∑
∞
m=2m(|am|+ |bm|) ≤ λ. Then
r −
λ
2
r2 ≤ |f(z)| ≤ r +
λ
2
r2, (|z| = r)
and
|z|+
∞∑
m=2
(|am|+ |bm|)|z|
m ≤ d(f(0), ∂f(D))
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for |z| ≤ r∗, where
r∗ =
−1 +
√
1 + 2λ
(
1− λ
2
)
λ
and the Bohr radius r∗ for F0H(λ) is obtained when f(z) = z −
λ
2
z2.
If g ≡ 0, then F0H(λ) reduces to the Singh [26] class F(λ), which is contained
in the MacGregor subclass F := {f ∈ A : |f ′(z) − 1| < 1} of close-to-convex
functions.
Corollary 2.8. Bohr radius for the classes F(λ) and F0H(λ) is same, whenever
the condition (2.7) holds.
The following two theorems are for the classes k − S˜T
−
q (α) and R
0
H(β) re-
spectively:
Lemma 2.1. [4] Let 0 ≤ k < ∞, 0 < q < 1 and 0 ≤ α < 1. Then f ∈
k − S˜T
−
q (α) if and only if
∞∑
m=2
([m˜]q(k + 1)− (k + α))am ≤ 1− α.
From Lemma 2.1, we see that choosing γm = [m˜]q(k + 1)− (k + α), δm = 0
and M = 1− α, condition in (1.1) holds, and therefore applying Theorem 2.2
and 2.3, we get the following result:
Theorem 2.9. Let f(z) = z −
∑∞
m=2 amz
m ∈ k − S˜T
−
q (α). Then
r −
q(1− α)
(q2 + 1)(k + 1)− q(k + α)
r2 ≤ |f(z)| ≤ r +
q(1− α)
(q2 + 1)(k + 1)− q(k + α)
r2,
where |z| = r and
|z|+
∞∑
m=2
am|z|
m ≤ d(f(0), ∂f(D))
for |z| ≤ r∗, where
r∗ =
−1 +
√
1 + 4
(
q(1−α)
(q2+1)(k+1)−q(k+α)
)(
1− q(1−α)
(q2+1)(k+1)−q(k+α)
)
2
(
q(1−α)
(q2+1)(k+1)−q(k+α)
)
and the Bohr radius r∗ is obtained when f(z) = z − q(1−α)
(q2+1)(k+1)−q(k+α)
z2.
Lemma 2.2. [9] Let f ∈ R0H(β). Then the following inequality
∞∑
m=2
(m(|am|+ |bm|)) ≤ β − 1
is necessary and sufficient for the functions to be in R0H(β).
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From Lemma 2.2, we see that choosing γm = δm = m and M = β − 1,
condition in (1.1) holds, and therefore applying Theorem 2.2 and 2.3, we get
the following result:
Theorem 2.10. Let f(z) = z +
∑∞
m=2 amz
m +
∑∞
m=2 bmz
m ∈ R0H(β). Then
r −
β − 1
2
r2 ≤ |f(z)| ≤ r +
β − 1
2
r2, (|z| = r)
and
|z|+
∞∑
m=2
(|am|+ |bm|)|z|
m ≤ d(f(0), ∂f(D))
for |z| ≤ r∗, where
r∗ =
−1 +
√
1 + 2(β − 1)
(
1− β−1
2
)
β − 1
and the Bohr radius r∗ for the class R0H(β) is obtained when f(z) = z−
β−1
2
z2.
Corollary 2.11. Bohr radius for the classes R(β) and R0H(β) is same.
Silverman considered the class with negative coefficients as follows:
T :=
{
f ∈ S : f(z) = z −
∞∑
m=2
amz
m, am ≥ 0
}
.
Using this recently, Ali et al. [3] considered the following general class defined
as:
T (α) :=
{
f ∈ T :
∞∑
m=2
gmam ≤ 1− α
}
,
where gm ≥ g2 > 0 and α < 1. Note that if we choose in (1.1), γm = gm, δm = 0
and M = 1 − α, then the class S0h+g¯(M) contains T (α), which satisfies the
required conditions. Thus, using Theorem 2.1 and 2.3, we have the following
result obtained in [3]:
Theorem 2.12. [3] Let f(z) = z −
∑∞
m=2 amz
m ∈ T (α). Then
r −
1− α
γ2
r2 ≤ |f(z)| ≤ r +
1− α
γ2
r2, (|z| = r)
and
|z|+
∞∑
m=2
|am||z|
m ≤ d(f(0), ∂f(D))
for |z| ≤ r∗, where
r∗ =
2(γ2 + α− 1)
γ2 +
√
γ22 + 4γ2(1− α)− 4(1− α)
2
and the Bohr radius r∗ is obtained by the function f(z) = z − 1−α
γ2
z2.
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Choosing γm = m − α and γm = m(m − α) in (1.1), the class S0h+g¯(M)
contains the Silverman classes T ST (α) := T ∩ ST (α) and T CV(α) := T ∩
CV(α) of starlike and convex functions with negative coefficients respectively
and Theorem 2.3 provides the Bohr radius as obtained in [3, Theorem 2.3] and
[3, Theorem 2.4].
Ali et al. [3] considered the class T Fα := T ∩ Fα, 0 ≤ α ≤ 1, where Fα
is the class of close to convex functions and showed that if f ∈ T Fα, then∑
∞
m=2m(2n+ α)am ≤ 2 + α. Thus choosing γm = m(2n+ α) and δm = 0 and
M = 2 + α in (1.1), the class T Fα satisfies all conditions of S0h+g¯(M), and
Theorem 2.3 (or Theorem 2.12) reduces to [3, Corollary 2.6].
For α > 1, Owa and Nishiwaki [21] considered the classes of analytic func-
tions M(α) := {f ∈ A : ℜ(zf ′(z)/f(z)) < α} and N (α) := {f ∈ A :
1 + ℜ(zf ′′(z)/f ′(z)) < α}. They showed that the following conditions:
∞∑
n=2
((m− µ) + |m+ µ− 2α|)|am| ≤ 2(α− 1)
and
∞∑
n=2
m(m− µ+ 1 + |m+ µ− 2α|)|am| ≤ 2(α− 1),
where 0 ≤ µ ≤ 1 are sufficient for the function f(z) = z +
∑∞
m=2 amz
m to
be in M(α) and N (α), respectively. It is easy to see that the above two
conditions also become necessary for the classes TM(α) := T ∩ M(α) and
T N (α) := T ∩N (α), respectively. Thus choosing γm = (m−µ)+ |m+µ−2α|,
γm = m(m − µ + 1 + |m + µ − 2α|) with δm = 0 and M = 2(α − 1), from
Theorem 2.2 and 2.3, we obtain the following result respectively:
Theorem 2.13. Let f(z) = z −
∑∞
m=2 amz
m ∈ TM(α) (or T N (α)). Then
r −
2(α− 1)
γ2
r2 ≤ |f(z)| ≤ r +
2(α− 1)
γ2
r2, (|z| = r),
where γ2 := (2− µ) + |µ− 2(1− α)| (or 2(3− µ+ |µ− 2(1− α)|)) and
|z|+
∞∑
m=2
|am||z|
m ≤ d(f(0), ∂f(D))
for |z| ≤ r∗, where
r∗ =
−1 +
√
1 + 4
(
2(α−1)
γ2
)(
1− 2(α−1)
γ2
)
2
(
2(α−1)
γ2
) .
The radius r∗, achieved for the function f(z) = z− 2(α−1)
γ2
z2 is the Bohr radius
for the class TM(α) (or T N (α)).
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3. Bohr-radius for the class W 0H(µ, ρ)
Let us recall the subclass of close-to-convex harmonic mappings introduced
by Rajbala and Prajapat [23]:
W 0H(µ, ρ) := {f = h+ g¯ ∈ H0 : ℜ(h
′(z) + µzh′′(z)− ρ) > |g′(z) + µzg′′(z)|},
where µ ≥ 0 and 0 ≤ ρ < 1.
Lemma 3.1. [23] let f = h + g¯ ∈ W 0H(µ, ρ). Then for m ≥ 2 the following
sharp inequality holds:
|am|+ |bm| ≤
2(1− ρ)
m(1 + µ(m− 1))
.
Lemma 3.2. [23] let f = h + g¯ ∈ W 0H(µ, ρ). Then for |z| = r, we have the
sharp inequality
|f(z)| ≥ |z| − 2
∞∑
m=2
(−1)m−1(1− ρ)
m(1 + µ(m− 1))
|z|m.
Theorem 3.1. Let f(z) = z +
∑∞
m=2 amz
m +
∑∞
m=2 bmz
m ∈ W 0H(µ, ρ). Then
|z|+
∞∑
m=2
(|am|+ |bm|)|z|
m ≤ d(f(0), ∂f(D))
for |z| ≤ r∗, where r∗ is the unique positive root in (0, 1) of
r +
∞∑
m=2
2(1− ρ)
m(1 + µ(m− 1))
rm = 1− 2
∞∑
m=2
(−1)m−1(1− ρ)
m(1 + µ(m− 1))
.
The radius r∗ is the Bohr radius for the class W 0H(µ, ρ).
Proof. From Lemma 3.2, it follows that the distance between origin and the
boundary of f(D) satisfies
d(f(0), ∂f(D)) ≥
(
1− 2
∞∑
m=2
(−1)m−1(1− ρ)
m(1 + µ(m− 1))
)
. (3.1)
Let us consider the continuous function
H(r) := r +
∞∑
m=2
2(1− ρ)
m(1 + µ(m− 1))
rm −
(
1− 2
∞∑
m=2
(−1)m−1(1− ρ)
m(1 + µ(m− 1))
)
.
Now
H ′(r) = 1 +
∞∑
m=2
2m(1− ρ)
m(1 + µ(m− 1))
rm−1 > 0
for all r ∈ (0, 1), which implies that H is a strictly increasing continuous
function. Note that H(0) < 0 and
H(1) =
∞∑
m=2
2(1− ρ)
m(1 + µ(m− 1))
+
∞∑
m=2
2(−1)m−1(1− ρ)
m(1 + µ(m− 1))
> 0.
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Thus by Intermediate Value Theorem for continuous function, we let r∗ be the
unique root of H(r) = 0 in (0, 1). Now using Lemma 3.1 and the inequality
(3.1), we have
|z| +
∞∑
m=2
(|am|+ |bm|)|z|
m ≤ r +
∞∑
m=2
2(1− ρ)
m(1 + µ(m− 1))
rm
≤ r∗ +
∞∑
m=2
2(1− ρ)
m(1 + µ(m− 1))
(r∗)m
=
(
1− 2
∞∑
m=2
(−1)m−1(1− ρ)
m(1 + µ(m− 1))
)
≤ d(f(0), ∂f(D)),
which hold for r ≤ r∗. Now consider the analytic function
f(z) = z +
∞∑
m=2
2(−1)m−1(1− ρ)
m(1 + µ(m− 1))
zm.
Then clearly f ∈ W 0H(µ, ρ) and at |z| = r
∗, we get |z|+
∑
∞
m=2(|am|+|bm|)|z|
m =
d(f(0), ∂f(D)). Hence the radius r∗ is the Bohr radius for the class W 0H(µ, ρ).

Now using Theorem 3.1, we can obtain the Bohr radius for the classes
W 0H(µ, 0) = W
0
H(µ), W
0
H(0, ρ) = P
0
H(ρ), W
0
H(1, 0) = W
0
H and W
0
H(0, 0) = P
0
H.
Here we mention the following:
Corollary 3.2. Let f(z) = z +
∑∞
m=2 amz
m +
∑∞
m=2 bmz
m ∈ P 0H. Then
|z|+
∞∑
m=2
(|am|+ |bm|)|z|
m ≤ d(f(0), ∂f(D))
for |z| ≤ r∗, where the Bohr radius r∗ is the unique positive root in (0, 1) of
r +
∞∑
m=2
2
m
rm = 1− 2
∞∑
m=2
(−1)m−1
m
. (3.2)
For the case g ≡ 0, the class W 0H(µ, ρ) reduces to W (µ, ρ), the class intro-
duced by Gao and Zohu [12], and we have:
Corollary 3.3. The Bohr radius of the classes W (µ, ρ) and W 0H(µ, ρ) is same.
4. Conclusion and future scope
We studied the Bohr phenomenon for the class S0h+g¯(M) and pointed out
its several applications in context of various known classes. Further the Bohr
radius for the classes of q-starlike and q-convex functions studied in [5] can be
obtained by mere an application of our result. Similarly many other classes
can also be dealt for Bohr radius. Since S∗∗τ (C,D) ⊂ S
∗∗
H (C,D), S
∗
τ (C,D) ⊂
S∗H(C,D) and S
c
τ (C,D) ⊂ S
c
H(C,D). If we let r∗ be the Bohr radius for a well
defined class F , then we conclude that r∗ ≤ r∗ whenever F is S∗∗H (C,D) or
S∗H(C,D) or S
c
H(C,D). However finding r∗ is still open.
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